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ABSTRACT 
 
Value at Risk (VaR) is defined as the worst expected loss under normal market conditions over a specific 
time interval at a given confidence level. Given the widespread usage of VaR, it becomes increasingly 
important to study the effects of the portfolio optimization subject to the VaR constraint set by the fund 
manager. In this paper, we examine the classical portfolio optimization models and the most popular VaR 
methodologies. We show that the portfolio optimization models under VaR constraint provide the clear 
insight to the mean-variance decision. We also consider the problem with the extra tracking error 
constraint. Furthermore, we provide an empirical analysis on the model by using China’s market data. VaR 
estimates are produced via Monte Carlo simulations. 
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INTRODUCTION 

 
any investment fund managers choose Mean-Variance analysis and Value at Risk (VaR) as their 
most important supporting tools in their asset allocation and portfolio allocation decision-making. 
Nowadays, the fund managers turn to focus on the downside possibility of portfolio and the new 

benchmark for the measure of risk is Value at Risk.  
 
After VaR was introduced by Philippe Jorion (2001), some researchers also discuss the relationship 
between Mean-Variance analysis and VaR. However, most of their analyses are in terms of absolute return 
of portfolio, without taking the benchmark into account. In this paper, we try to highlight the similarities 
and differences between Mean-Variance analysis and Value at Risk and find out how institutional investors, 
who care about the relative performance of their portfolio to the benchmark, do their risk-return 
management under Value at Risk constraint using returns relative to the benchmarks. 
 
We will further investigate to solve the institutional investor’s utility maximization problem subject to VaR 
constraint. In other words, we introduce VaR restriction into the problem of Knight (2005) and extend its 
research. Furthermore, we use the data from Chinese market to examine and support our conclusion. As a 
young emerging market, China’s stock market has experienced extraordinary growth since the inceptions of 
the Shanghai and Shenzhen Stock Exchange in late 1990s. On its way to go to the matured market, it has a 
lot of specialties which make our findings more interesting.  
 
The paper is organized as follows. We present the previous studies in Section II. In Section III, we derive 
the solution for the constrained maximum problem in mathematical framework. In Section IV we further 
explain the reason why we choose Chinese capital market as our research objectives and illustrate the 
characteristics of the data. Section V The conclusions are made in Section VI. 
 
LITERATURE REVIEW 
 
VaR was first introduced and popularized in 1994 by J.P. Morgan’s famous RiskMetrics software. The 
subsequent research works, such as Pichler and Selitch (1999), Jorion (2001) and Alexander (2003) provide 
a complete analysis of VaR methodology and successfully help VaR become a standard concept in risk 
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management. The two most important components of VaR measures are the length of time period over 
which market risk is to be measured and the confidence or significance level at which market risk is to be 
measured. In other words, VaR is used as an estimate of the minimum expected loss (alternatively, the 
maximum loss) over a set time period at a desired level of significance (alternatively, at a desired level of 
confidence). For example, a 5% VaR of $1,000 for a 10-day holding period implies that, given the standard 
deviation and distribution of returns for the portfolio, there is a 5% probability that the portfolio will lose a 
minimum of (at least) $1,000 over the next 10 days. Stated differently, there is 95% confidence the loss will 
be no greater than $1,000. 
 
However, Rochefellar and Uryasev (2002) imply that as a quantile, VaR has its own serious shortcomings 
because it has no reason to be convex. Uryasev (1998) provides an alternative risk measure to VaR, called 
Conditional Value at Risk (CVaR). Pflug (2000) shows that CVaR is a coherent risk measure that it has 
many attractive properties including convexity. Conditional Value at Risk is also known as mean excess 
loss, mean shortfall or tail VaR. So, CVaR is the expected loss given that the loss exceeds VaR. 
 
In this paper, we suppose the institutional investors care more about the whole maximum loss of their 
investment than the potential excess loss. In this respect, we will continue to use VaR, not CVaR, as the risk 
constraint in this paper in order to simplify the question.  
 
In recent years, there are a lot of research papers that focus on the effects of CAPM and optimal portfolio 
selection under VaR constraint( Campbell et al (2001), Basak and Shapiro (2001)).  The usual discussion is 
to develop a mean-risk model and a CAPM or utility maximization subject to a VaR constraint and find out 
some surprising features of VaR usage. Huisman et al (1999) uses mean variance approach to develop an 
asset allocation model which allocates assets by maximizing expected return subject to the constraint that 
the expected maximum loss should meet the Value at Risk limits set by the risk manager. Gaivoronski and 
Pflug (2000) combine the notion of VaR with portfolio optimality and develop a theory similar to 
Markowitz theory for optimal mean variance portfolios under VaR constraint. Alexander et al (2003) focus 
on the portfolio selection problem which yields a portfolio of the minimum CVaR with a specified rate of 
return. 
 
In all listed papers above, the analysis is in terms of the absolute return of the portfolio. None of them take 
the benchmark into consideration. Today’s portfolio managers, especially institutional investors, are usually 
evaluated by comparing their outperforming performance to that of their peers or to a benchmark published 
in guidelines made available to investors. There are some research papers that incorporate the benchmarks 
into the specific utility functions when they deal with the portfolio optimization problem. This type of 
performance evaluation method obviously motivates the fund managers to pursue the active management 
return. Markowitz (1987), Roll (1992), Sharpe (1992), Chan, Karceski, and Lakonishok (1999) and some 
other papers have introduced a related quadratic tracking approach to minimize the variance of the return 
difference between the managed portfolio and the benchmark. Recently, to better capture the manager’s 
motivation, Morton et al (2003) consider optimal portfolio allocation under four non-standard 
benchmark-based utility functions. On the other hand, Knight (2005) represents a mathematical solution to 
the institutional investors’ portfolio optimization in terms of the return relative to their benchmark.  
 
Although these previous works consider the fund manager’s aim to outperform of the benchmark through 
the investment process, they fail to formulate risk management requirements in terms of percentiles of loss 
distribution. The proposal of this paper is to find out a new approach to optimal portfolio allocation method 
for institutional investors in Value-at-Risk framework. To some extent, this paper is more closely related to 
Knight (2005), who study efficient portfolios for institutional investors’ utility functions with general risk 
level constraints, than to Campbell et al (2001), who effectively replace mean variance preferences by mean 
VaR preferences.  
 
Knight (2005) investigates the problem of calculating the exact distribution of optimal investments in a 
mean variance world under multivariate normality. The main contribution of Knight’s paper is that their risk 
analysis is based on mean-variance analysis using not absolute or unbenchmarked returns, but relative 
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returns to the benchmark. Under the assumption of normal distribution, Knight (2005) considers the 
institutional investors’ expected utility in terms of relative returns and calculates the exact properties of 
measures. Campbell et al (2001) consider an optimal portfolio selection model which maximizes the 
expected return of the portfolio subject to Value-at-Risk constraint rather than standard deviation alone. In 
their paper, Campbell and his co-authors derive an optimal portfolio such that the maximum expected loss 
would not exceed the VaR for a chosen investment horizon at a given confidence level. The investors’ 
problem described in Campbell et al (2001) is to maximize the expected level of final wealth under 
downside risk constraint which is measured by VaR. We can easily find out that there is no assumption of 
normally distributed returns in Campbell et al (2001) model. However, the analysis in Campbell’s paper is 
obviously put on the absolute portfolio.  
 
In this study, what we are going to do is combine the models analyzed in both Campbell et al (2001) and 
Knight (2005). In other words, we use the VaR as the investors’ risk measure and evaluate the performance 
of portfolio based on the given benchmark.  
 
PORTFOLIO SELECTION MODEL 
 
The portfolio optimization in the modern portfolio theory is to allocate the assets by maximizing the 
expected value of a given utility function or minimizing the expected risk level of the portfolio. We assume 
that the institutional investors we analyze try to optimize their portfolio by maximizing the following utility 
function of over performed value between the portfolio and benchmark under VaR constraint: 
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where PTW  is the expected wealth of the Portfolio p at period T; BTW  is the expected wealth of the 
Benchmark b at period T, if the “portfolio” Benchmark b has the same initial wealth as the Portfolio p at 
period 0; iw , ib  are the asset i weight of Portfolio p and Benchmark b respectively during the period from 
time 0 to time T; iR  is the gross return of asset i during the period T; *VaR  is the desired level of VaR 
value set by the institutional investors; c  is the expected level of confidence. 
 
Following Freund (1956), we assume that the institutional investors are “conservative entrepreneurs” and 
they have the same negative exponential utility function, rerU λ−−= 1)(  where λ  indicates the investors’ 
aversion to risk. That is, the higher the value of λ , the more “conservative” the investors. Under the 
assumption that the returns follow a normal distribution, Freund (1956) shows that the maximization of 
expected utility 
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is easily shown to be accomplished if we maximize the function 
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Using matrix notation we maximize the following: 
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Therefore, similar to Knight (2005), the maximization of expected utility for the institutional investors can 
be rewritten as follows. 
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Obviously, under the assumption of normally distributed returns, the VaR constraint could be simply 
changed as follows. 
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where )(⋅N  is the distribution function of the standard normal distribution.  
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It will be a better way to calculate the VaR of portfolio if we use the Monte Carlo simulation to estimate the 

)( prE  land pσ .  To simplify the calculation we will assume normality and we simply use wrE p ')( µ=  
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and wwp Ω= '2σ  to describe the VaR constraint. If we use Lagrange method, we get the following 

equation: 
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and find a relative maximum of L  with respect to w  and a relative minimum with respect to 2λ . 
The Kuhn-Tucker conditions are a complete taxonomy of the first-order necessary conditions for obtaining 
a saddle point for L . These Kuhn-Tucker conditions are given by: 
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The Lagrange Multipliers 1λ  and 2λ  represent the sensitivities of the objective function to the first and 
second constraints, respectively. The key idea of Kuhn-Tucher theorem is that if the inequality constraint of 
VaR is not precisely satisfied, then the corresponding Lagrange Multiplier 2λ  should have to be zero, 
relaxing a non-binding constraint. 
 
The first possibility is 02 =λ . In this case, the VaR constraint will be loosed and the optimization question 
will be quite similar to the one Knight (2005) faced and solved. Following the method presented in Knight 
(2005), we re-solve this question here. The first order condition is: 
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However, the difference between Knight (2005) and this paper is that the solved optimized weights should 

satisfy the VaR constraint. In the case 02 =λ , if 0)(' *'*1** ≥Ω−+ − wwcNwVaR µ , then we can say 

we find a best weights of portfolio, which make the objective function have its maximum value: 
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If we find 0)(' *'*1** <Ω−+ − wwcNwVaR µ , which means that the optimized weights *w  violates 
the VaR constraint, then we can’t solve for a potential maximum point by using the Lagrangian and the 
Lagrange Multiplier conditions for the optimal point. In other words, the VaR constraint may be such a 
strict one that it is impossible for us to find out any optimal point for the problem with this inequality 
constraint.  
 

The only other possibility to solve this maximum utility problem is when 02 >λ . From the Kuhn-Tucker 
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into the institutional investors’ utility function. The objective optimization problem is changed to: 

max )()'(
2

)(')( bwbwbwUE −Ω−−−=
αµ                                              (20) 

⇒ )''2'(
2

)(')( bbbwwwbwUE Ω+Ω−Ω−−=
αµ                                       (21) 

⇒ )''2)'('2(
2

)(')( 2

2*2*

bbbwwwVaRVaRbwUE Ω+Ω−
++

−−=
β

µµαµ                       (22) 

subject to 1'' == ibiw   
 
Let us use the Lagrange Multiplier method to solve it. The Lagrange function is: 
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The optimized asset weight *w  which could make the utility function )( *UE  bigger is the solution we 
are looking for. Next section gives information about the stock exchanges in China and explains why we 
decided to apply our model to Chinese market.  
 
CHINA’S CAPITAL MARKET AND DATA 
 
In order to put more pressure on the State Own Enterprises (SOE) to increase  their accountability, reduce 
the SOEs’ debt, liquidate the government’s state assets, and enable the non-SOEs have access to capital, two 
stock exchanges were set up in Shenzhen and Shanghai in 1990 respectively. Over the past sixteen years, 
China stock market has facilitated the development of China’s economic growth and market oriented 
reform, but it is still a young and immature market. At the end of 2005, there were 1378 listed companies in 
Chinese stock exchanges, which included 834 listed companies in Shanghai Stock Exchange and 544 listed 
companies in Shenzhen Stock Exchange.  
 
A share market is for Chinese investors while the international investors can only invest in B share market 
because Chinese currency RMB is a domestic currency and the Chinese people can’t exchange foreign 
currency freely. In both stock exchanges, there are A shares, B shares, T-notes, and some corporate bonds 
available for investors to trade. Although the stock markets in China have developed rapidly, China’s stock 
markets remain relatively small in proportion to GDP, only 23.76% shown in the table above.  
 
On its road to join the international market and finally become a well-developed market, Chinese stock 
market has been opening more and more to overseas institutional investors. Due to the promise made to 
World Trade Organization (WTO), China now allows the establishment of Sino-foreign joint venture 
securities firms and fund management companies and the Qualified Foreign Institutional Investors (QFII) 
have begun to participate in securities investment in Chinese stock market. We have reasons to believe that 
the gradual opening up of China’s stock market will provide foreign institutional investors with excellent 
opportunities to invest in China. The potential opportunity of investing in Chinese stock market is the main 
reason why we choose it as the object of our empirical research. 
 
 On the other hand, Chinese stock market is an emerging market as mentioned above. Because the 
economic and political circumstances are different from those of the developed capitalist countries, 
emerging markets, including Chinese market, are usually considered to be much more risky. The severity of 
the Asian financial crisis in the late 1990’s has stressed the importance of identifying the market risk and 
credit risk, especially in the emerging economies. Value at Risk which is a mathematical measurement of 
market risk is primarily concerned with the maximum loss in portfolio value over a given holding period to 
be experienced under a specific probability level. The VaR approach encourages the institutional investors 
to think of the portfolio as a set of assets exposed to, in theory, all sources of market risk. Therefore, adding 
VaR constraint will efficiently help our institutional investors to manage the high risk of investing in 
emerging markets and to pursue a higher risk-adjusted return of their portfolio to some extent.  
 
Table 1: Summary Statistics of China Stock Market 
 

Stock  
Exchange 

Listed 
Companies 

A Stock 
Shares 

B Stock 
Shares 

Market Cap. 
(C$,bn) 

Market Cap. 
to GDP 

Investor 
Accounts (mn) 

Turnover in Value 
(C$,bn) 

Average 
P/E 

Shanghai 834 827 54 329.94  16.92% 38.56 711.08 16.33 

Shenzhen 544 531 55 133.35  6.84% 35.37 189.65 16.36 

Total 1378 1358 109 463.29  23.76% 73.93  900.73  16.35  

This table shows basic information about two main stock exchanges in China. 
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Data 
 
In order to show how the model works, we use the data obtained from DataStream database which is one of 
familiar international financial information providers. We try to find out the optimal portfolio from 25 listed 
companies that have the biggest market values from Shanghai Stock Exchange and 20 listed companies that 
have the biggest market values from Shenzhen Stock Exchange such that a VaR constraint over various time 
horizons is met. The reason why we use the market value as the stock selection criteria is that most 
institutional investors in Chinese market prefer to invest their funds in the big market value stocks. We 
employ daily data from these stocks from January 1996 or the date when the stocks were listed in the boards 
until June 2006.  
 
We first calculate the number of observation, average return, standard deviation, median return, minimum 
return, maximum return, skewness, kurtosis and ratio of skewness to kurtosis for each stock we analyzed. 
Then we summarize their average values in the Table 2. A normal distribution has a skewness equal to zero 
and a kurtosis of 3. The negative or positive skewness implies that the distribution has a higher probability 
of a large loss or gain than the normal one. A kurtosis greater than 3 indicates that the distribution has longer 
tails than the normal distribution. One less than 3, on the other hand, means that the values of the 
distribution are bunched up near the mean. The further the skewness/kurtosis ratio from zero, the more 
likely it is that the returns are not normally distributed. If we take a look at the skewness and kurtosis of the 
monthly returns and daily returns, we can find that the stock returns do not conform well to a normal 
distribution. However, the skewness/kurtosis ratio shows us that the distribution of the daily returns is much 
closer to the normal distribution due to its larger observations.  
 
Table 2: Summary Statistics of the Analyzed Data (Statistics Period: 01/01/1996 – 30/06/2006) 
 

 Monthly Daily 

Market Shanghai Shenzhen All Market Shanghai Shenzhen All Market 

Observations 126 126 126 2533 2533 2533 

Avg. Return 0.91% 1.45% 1.15% 0.05% 0.07% 0.06% 

Avg. Standard Deviation 11.05% 13.69% 12.22% 2.61% 2.82% 2.70% 

Avg. Median Return 0.20% 0.17% 0.19% 0.00% 0.00% 0.00% 

Avg. Minimum Return -27.37% -35.32% -30.90% -16.67% -16.65% -16.66% 

Avg. Maximum Return 46.74% 62.68% 53.83% 18.38% 19.82% 19.02% 

Avg. Skewness 0.8486  0.9994  0.9156  0.2767  0.3112  0.2920  

Avg. Kurtosis 3.3493  4.9012  4.0390  6.5199  6.6568  6.5807  

Skewness/Kurtosis 0.2534  0.2039  0.2267  0.0424  0.0467  0.0444  

This table shows the risk and return information of 45 stocks we pick. The skewness and kurtosis of the monthly returns and daily returns indicate 
that the time series data has longer tails than the normal distribution while the distribution of the daily returns is closer to the normal distribution. 
 
Since Fama (1965), it has been well known and accepted by academic researchers and real investors that the 
asset returns do not always follow a normal distribution. In spite of this fact, the normality assumption is 
still working as a popular assumption in mainstream finance, as we do it in this paper. The only reason, why 
we use the assumption of normal distribution even when we know it is not true in the real world, is that it 
helps us to simplify the question and to clean the technical impediments in our research way. Also, as the 
number of observations increase, distribution approach would be normal.  
 
Benchmark 
 
The seemingly simple construction and rebalancing rules for price weighted index cause it to be the most 
popular index in the markets all over the world. As a basic benchmark, we use a price weighted index that 
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includes all the stocks we chose from Chinese stock market. It means that each stock in the benchmark is 
weighted by its stock price as a proportion of the total price of all stocks in the index. Apparently, the price 
weighted index is a passive benchmark and it represents the buy and hold strategy. If at inception each stock 
in the index is weighted by its share of the index’s total price and no new stock is introduced into the index 
after then, no adjustments to the index are necessary for it to keep its construction strategy. In other words, 
the performance of the price weighted index is the most easily replicate with a very low degree of tracking 
error.  
  
We know that the index requires keeping rebalanced as soon as any price of the stock in the index changes 
after the index is constructed. That means that the equally weighted index is a good choice to be a 
benchmark because of its easy calculation, but its performance is nearly impossible to replicate with a low 
degree of tracking error. Because of its easy calculation and few rebalancing, we decided to construct a 
price weighted index which includes all analyzed stocks and used it as our benchmark. The rebalancing of 
this benchmark portfolio only takes place at the first trading day for each year in order to keep consistency 
between the benchmark and the real invested portfolio. On the other hand, we also choose the average 
monthly and daily return of the Shanghai A share stock index and Shenzhen A share stock index as another 
benchmark. Comparing the performance of our optimized portfolio with the performance of the whole 
markets will help us find out the extent to which the portfolio get the extra return compared to the average 
return of the market. 
 
In this paper, what we investigate whether or not the optimized method is able to lead to outperformed 
portfolios for institutional investors. The statistics of Table 3 show that the average and the standard 
deviation of the monthly return of the equally weighted benchmark are 1.1478% and 8.0826%, respectively. 
It also tells us that the average daily return of the benchmark is much lower, 0.0571%, while its standard 
deviation is also lower, 1.7753%. Both the monthly and daily average returns of the whole market are less 
than those of benchmark, while their standard deviations are also much lower. The data shows us that the 
performances of the stocks whose market values are the greatest in the market are more outstanding. On the 
other hand, the average returns and standard deviations of the Shanghai A share stock index and the 
Shenzhen A share stock index present the similar risk and return tradeoff as shown in the following table. 
Monthly return and daily return of average stock index are 0.9789% and 0.0487% respectively, while the 
standard deviations are 7.9938% and 1.7136%.  Again, the skewness, kurtosis and the ratio of skewness to 
kurtosis in Table 3 show us that neither the monthly return of the benchmark nor daily return is normally 
distributed. The average returns and standard deviations of both monthly and daily data from the 45 sample 
stocks are shown at Table 4. 
 
Table 3: Summary Statistics of Equally Weighted Benchmark and Stock Index (Statistics Period: 
01/01/1996 – 30/06/2006) 
 

Statistics Monthly 
Benchmark 

Daily 
Benchmark 

Monthly 
Stock Index 

Daily 
Stock Index 

Observations 126 2533 126 2533 

Average Return 1.1478% 0.0571% 0.9789% 0.0487% 

Standard Deviation 8.0826% 1.7753% 7.9938% 1.7136% 

Median Return 0.8030% 0.0671% 0.3271% 0.0824% 

Minimum Return -19.4571% -10.5963% -19.6695% -10.4900% 

Maximum Return 29.7135% 10.4923% 29.3151% 9.6624% 

Skewness 0.7520  -0.1993  0.8142  -0.2885  

Kurtosis 1.7350  4.9774  1.8383  5.6070  

Skewness/Kurtosis 0.4334  -0.0400  0.4429  -0.0514  

This table shows statistical information about equally weighted benchmarks and main stock indices. The data in the table tells that the higher the 
risk, the better the returns. It also indicates that neither the monthly return series nor the daily return series is normally distributed. 
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Table 4: Summary Statistics of Sample Stocks (Statistics Period: 01/01/1996 – 30/06/2006) 
 

 Daily Data Monthly Data 

DataStream Code Average Return Standard deviation Average Return Standard deviation 

CN:SPO 0.0391% 2.4845% 0.7861% 11.6670% 

CN:SOP 0.0548% 2.7451% 1.1010% 12.0407% 

CN:MIS 0.0155% 2.5676% 0.3108% 11.4078% 

CN:SNN 0.0465% 2.6391% 0.9351% 12.2281% 

CN:TTB 0.0484% 2.4355% 0.9737% 8.7942% 

CN:SLF 0.0034% 2.4190% 0.0678% 10.3415% 

CN:KGI 0.0107% 2.9167% 0.2143% 11.4095% 

CN:DDS 0.1025% 2.4453% 2.0612% 9.3762% 

CN:SSW 0.0499% 2.5426% 1.0027% 10.9729% 

CN:SEA 0.0578% 3.0565% 1.1627% 12.2818% 

CN:SDS 0.0291% 2.5489% 0.5855% 10.8973% 

CN:HPC 0.0856% 2.6170% 1.7212% 11.2390% 

CN:DEM 0.0346% 2.8638% 0.6962% 11.6314% 

CN:SXX 0.0548% 2.8243% 1.1025% 9.8836% 

CN:FY 0.0729% 2.8232% 1.4662% 11.4489% 

CN:WCC 0.1106% 2.8147% 2.2225% 13.3332% 

CN:BWJ 0.0572% 2.4063% 1.1502% 9.7123% 

CN:SJF -0.0015% 2.5995% -0.0307% 10.0041% 

CN:SCE 0.0270% 2.5563% 0.5435% 13.1500% 

CN:QHR 0.0594% 2.3003% 1.1937% 10.1749% 

CN:SSA 0.0337% 2.7256% 0.6772% 11.8141% 

CN:CES 0.0299% 2.4241% 0.6019% 10.1069% 

CN:IMM 0.0300% 2.6291% 0.6030% 11.0491% 

CN:DNG 0.0583% 2.6181% 1.1717% 12.3640% 

CN:SYT 0.0205% 2.2943% 0.4127% 9.0258% 

CN:VAN 0.1036% 2.6170% 2.0819% 13.1405% 

CN:CMA 0.0984% 2.5682% 1.9787% 10.7359% 

CN:DEV 0.0551% 2.4209% 1.1087% 12.7659% 

CN:LUZ 0.0709% 2.5557% 1.4247% 12.2338% 

CN:GEP 0.0528% 2.4052% 1.0619% 10.6844% 

CN:HPR 0.1193% 2.6545% 2.3984% 10.7195% 

CN:CMP 0.0524% 2.6832% 1.0539% 13.3794% 

CN:CHI 0.0687% 2.6187% 1.3811% 11.9969% 

CN:ENI 0.0895% 2.6504% 1.7996% 12.5634% 

CN:JAU 0.0440% 2.9861% 0.8850% 13.8560% 

CN:KAF 0.0890% 3.1511% 1.7886% 20.8097% 

CN:CSG 0.0655% 3.1265% 1.3163% 16.6308% 
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 Daily Data Monthly Data 

DataStream Code Average Return Standard deviation Average Return Standard deviation 

CN:BAH 0.0678% 3.0826% 1.3620% 14.5882% 

CN:HSR 0.0988% 3.4348% 1.9856% 19.3540% 

CN:GMH 0.0657% 2.4890% 1.3213% 10.9921% 

CN:XHT 0.0715% 3.2398% 1.4382% 14.1822% 

CN:ZHH 0.1018% 2.8659% 2.0460% 15.7506% 

CN:SRA 0.0124% 3.2227% 0.2498% 15.0756% 

CN:WAN 0.0575% 2.6082% 1.1556% 11.0887% 

CN:GLM 0.0538% 2.9202% 1.0809% 13.1573% 

Average 0.0571% 2.7022% 1.1478% 12.2235% 

This tab le shows the return and risk information of all stock we select from two Chinese stock exchanges. 

 

Apparently, there is a positive relationship between the expected reward measured by average 
return and the risk level estimated by the standard deviation. In order to examine the empirical 
support for this risk-return tradeoff, which is the most important assumption in Markowitz’s mean 
variance model and accordingly our model, we use the following regression equation to identify 
the relationship between the average return and the standard deviation. 

dd βσαµ +=                                                                                       (31) 
where dµ  = Expected (Average) return of the daily return of the stock  dσ  = Standard deviation of the 
daily return of the stock. The Ordinary Least Squares (OLS) estimates were obtained. The results are 
presented in Table 5.  
 
Table 5: Regression between Each Year’s Average Returns and Standard Deviations 
 

Data Variable Coefficients Standard Error t Stat 

Daily Data Intercept α  -0.000018  0.000449  -0.040493  

Slope β  0.021801  0.016530  1.318863  

Monthly Data Intercept α  0.001695  0.004421  0.383436  

Slope β  0.080032  0.035491  2.255012  

This table shows the regression estimates of the equation: βσαµ += . The first two rows show the estimated results using daily data while other two 
rows show the results for monthly data. The regression coefficients are shown in the third column. The fourth column shows standard error values of 
the time series data and the figure in each cell under last column is the t-statistic at the 5 percent level. 

 
The estimated regression line based on daily data is: 

εσµ ++−= dd 021801.0000018.0                                                                (32) 

where dµ  = Expected (Average) return of the daily return of the stock  dσ  = Standard deviation of the 

daily return of the stock. The estimated regression line based on monthly data is: 

εσµ ++= mm 080032.0001695.0                                                                 (33) 
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where mµ  = Expected (Average) return of the monthly return of the stock, mσ  = Standard deviation of the 

monthly return of the stock. 
 
T-stat test and p value in Table 5 show us that the estimated coefficient of standard deviation in monthly 
regression model is statistically significant at the 5% level, while the one in daily regression model is 
statistically significant at the 20% level. In other words, all these stocks have the identical characteristic: the 
greater the risk, the higher the return investors demand as compensation on them. That makes them 
relatively suitable to our institutional investors’ utility model.  

 
EMPIRICAL RESULTS 
 
The investment period is from January 1, 1997 to June 30, 2006. The computation steps of the invested 
weights of the portfolio are presented as follows: We choose the first day of each year as the rebalancing 
date for the portfolio. At each rebalancing date, we calculate the optimized weights of the portfolio by using 
the model mentioned above and the data of previous year. For example, at the first trading day in 1997, we 
analyze the data between the first trading day and the last trade day in 1996 and use the utility maximum 
function subject to VaR constraint to generate the optimized weights for each stock in the invested portfolio. 
We allocate the actual weights of the portfolio by using the optimized weights calculated previously and 
keep the proportion in the whole year. Therefore, during the whole year in 1997, we adopt the hold strategy 
in the portfolio investment after the asset allocation at the beginning of 1997. At next rebalancing date, we 
repeat the process. In other words, at the first trading day of 1998, we use the optimized weights calculated 
by using the data in 1997 to allocate the assets for1998.  
 
According to Chinese stock market policy, the investors are prohibited from short selling stocks in both 
Shanghai and Shenzhen Stock Exchange by the China Securities Regulatory Commission. Therefore, in the 
following scenario analysis, we also add non-short selling restrictions in the model, which is different from 
the academic one. Another important assumption in the calculation process is how to estimate the annual 
return and standard deviation by using the daily and monthly returns in order to calculate the VaR. We 
estimate the annual return by simply timing the daily or monthly average returns by the number of trading 
days or months in a year, while we calculate the annual standard deviation by multiplying the daily or 
monthly standard deviation by the square root of the number of trading days or months in a year. In this 
paper, we use the formulas as follows. 

250*)()( dailyannual rErE = ;  (34)  250⋅= dailyannual σσ ;  (35) 

12*)()( monthlyannual rErE = ;  (36) 12⋅= monthlyannual σσ   (37) 

where 250 is the number of the trading days in a year and 12 is the number of the trading months in one year.  
Let us assume the investor’s risk aversion score 1=α  and the utility function will be

)()'(
2
1)(')( bwbwbwUE −Ω−−−= µ  (38). We also suppose that %2* =VaR  and the confidence 

level c = 95%. That is, the institutional portfolio managers are 95% confident the loss will be no greater than 
2% of the initial investment of the initial or rebalancing date during the same year. Based on these 
assumptions, we solve this optimization problem with the initial $1,000 thousand investment.  
 
Finally, we get the result as shown in Table 6. From it, we can find that both monthly and daily returns are 
higher than the return of the equally weighted benchmark and the average return of the whole market. Both 
monthly data and daily data show us that the benchmark has the risk and return similar to those of the 
market. Once again, the skewness, kurtosis and the ratio of the skewness to kurtosis show that the return 
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distribution of our investment portfolio is a little far away from the assumption of the normal distributed 
return.  
 
Table 6: Summary Statistics of Optimized Portfolio, Equally Weighted Benchmark and Stock Index 
(Statistics Period: 01/01/1997 – 30/06/2006) 
 

Statistics 
Monthly Data Daily Data 

Portfolio Benchmark Market Portfolio Benchmark Market 

Observations 114 114 114 2286 2286 2286 

Average Return 0.69% 0.58% 0.39% 0.07% 0.03% 0.02% 

Standard Deviation 10.48% 7.13% 7.03% 1.95% 1.63% 1.56% 

Median Return 0.39% 0.67% -0.36% -0.01% 0.04% 0.05% 

Minimum Return -28.47% -14.82% -14.30% -10.06% -9.72% -9.84% 

Maximum Return 36.93% 29.34% 29.32% 9.54% 9.42% 9.32% 

Skewness 0.60  0.59  0.70  0.41  -0.12  -0.15  

Kurtosis 2.03  1.43  1.64  4.03  4.88  5.75  

Skewness/Kurtosis 0.29  0.41  0.43  0.10  -0.02  -0.03  

This table indicates that both monthly and daily returns of our optimized portfolio are higher than those of the equally weighted benchmark and the 
market’s returns while the portfolio has slightly higher risk than benchmarks and market main indices. The skewness and kurtosis show that the 
return distribution of our optimized portfolio unlikely satisfies the assumption of the normal distributed return. 

 
When we use the daily data to do our optimization, the returns of our optimized portfolio, the equally 
weighted benchmark and the stock index are shown in Graph I. It tells us that the total return, average return 
and standard deviation of the optimized portfolio are the highest. The risk and return properties of the 
benchmark and the stock index are similar and both of them follow the rule of risk-return tradeoff. In our 
case, the equally weighted benchmark has a similar risk-return behavior to the whole market.  
 
Using the daily data gives us the similar result in the relationship among the total returns of our portfolio, 
equally weighted benchmark and stock index. On this angle, we can make a conclusion that the 
performance of our optimized portfolio is much better than the normal performance of the whole market, 
and exceeds the equally weighted benchmark as well. 

 
These results from both monthly data and daily data show us that our portfolio outperforms the equally 
weighted benchmark and has a better performance than the market. However, the relative return of our 
portfolio to the equally weighted benchmark and the stock index is much higher than the result shown by 
the daily data. In other words, the weights optimized from daily data can improve the performance of our 
portfolio more than those calculated by using monthly data. On the other hand, the return distribution of 
daily data is much closer to a normal one comparative to that of monthly data. We know that the normal 
distribution is one of the most important assumptions in our model. Therefore, we can say that the result is 
somewhat close to our expectation of the paper. 
 
As shown in Table 7, stocks listed on Shenzhen exchange in our optimized portfolios are riskier than those 
listed on Shanghai exchange, but they have much more return contributions to our optimized portfolio. 
 
Table 8 gives us another chance to take a closer look at stock return contributions of our optimized 
portfolios. Over years, the sector Construction & Materials has the biggest return contribution to our 
portfolio with the highest standard deviation. The sectors Autombiles & Parts, Beverages, and Technology 
Hardware & Equip. have also played very important roles in the nearly 10 year return of our optimized 
portfolio. 
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Table 7: Contribution Statistics of Optimized Portfolio by Stock Exchanges (Statistics Period: 01/01/1997 – 
30/06/2006) 
 

Statistics Monthly Data Daily Data 

Shanghai Shenzhen Portfolio Benchmark 

Observations 114 114 2286 2286 
Average Return 1.83% 6.20% 0.09% 0.31% 
Standard Deviation 5.62% 15.27% 0.98% 2.21% 
Median Return 0.02% 2.07% 0.00% 0.00% 
Minimum Return -12.35% -21.07% -7.13% -10.02% 
Maximum Return 30.47% 102.83% 9.96% 10.18% 
Skewness 2.13  3.06  1.91  1.14  
Kurtosis 8.78  14.76  20.59  6.44  
Skewness/Kurtosis 0.24  0.21  0.09  0.18  

Besides Table 6, this table gives us a closer look at the performance of our optimized portfolio by stock exchanges. The data tells a similar story as 
Table 6 does. 
 
Table 8: Contribution Statistics of Optimized Portfolio by Sectors (Statistics Period: 01/01/1997 – 
30/06/2006) 
 

Statistics Monthly Data Daily Data 

Average 

Return 

Standard 

Deviation 

Skewness Kurtosis Average 

Return 

Standard 

Deviation 

Skewness Kurtosis 

Aerospace & Defense 0.33% 3.20% 7.39  71.33  0.02% 0.41% 2.72  39.89  
Automobiles & Parts 1.49% 4.47% 3.15  12.92  0.07% 0.89% 2.86  26.05  
Banks 0.00% 0.00% 0.54  34.62  0.00% 0.00% -2.65  66.17  
Beverages 1.25% 5.69% 5.10  27.05  0.06% 0.91% 5.47  71.81  
Chemicals 0.16% 1.08% 5.94  40.71  0.01% 0.19% 5.12  65.90  
Construction & Materials 1.52% 11.23% 7.35  61.84  0.08% 1.29% 3.04  34.95  
Electricity 0.13% 0.74% 3.64  17.89  0.01% 0.12% 4.92  66.63  
Electronic, Electrical Equip. 0.00% 0.00% 2.08  14.34  0.00% 0.00% 1.32  40.60  
Gas, Water & Multiutilities 0.00% 0.00% -2.69  14.41  0.00% 0.00% 0.27  29.88  
General Financial 0.00% 0.00% -1.68  30.92  0.00% 0.00% -0.44  41.14  
General Industrials 0.17% 1.15% 3.18  15.52  0.01% 0.23% 1.76  23.70  
General Retailers 0.29% 1.30% 0.59  10.77  0.01% 0.31% 1.02  29.86  
Household Goods 0.00% 0.00% -1.24  15.22  0.00% 0.00% 2.07  49.29  
Industrial Engineering 0.34% 1.49% 3.66  20.26  0.02% 0.32% 2.01  26.55  
Industrial Metals 0.02% 0.15% 3.08  21.23  0.00% 0.04% 4.62  64.32  
Industrial Transportation 0.21% 0.97% 3.19  20.85  0.01% 0.20% 1.94  29.65  
Leisure Goods 0.10% 0.47% 4.07  20.08  0.00% 0.09% 2.74  46.16  
Pharmaceuticals, Biotechnology 0.73% 4.08% 2.95  16.56  0.04% 0.75% 3.68  58.24  
Real Estate 0.05% 0.45% 1.05  16.46  0.00% 0.09% 2.19  43.97  
Support Services 0.00% 0.00% 1.42  11.97  0.00% 0.00% 0.89  17.45  
Technology Hardware & Equip. 1.23% 8.55% 4.24  24.20  0.06% 1.16% 1.69  31.43  
Travel & Leisure 0.00% 0.00% -4.40  31.76  0.00% 0.00% -1.67  31.32  

This table provides us another view of the return and risk of all sectors in our optimized portfolio.  
 
However, before we decide to use this optimization model in our real investment world, we should pay 
attention to the followings in advance: 1.The greater the number of stocks in the portfolio, the more 
complicated the calculation of the model. 2. One of the most important requirements for the model is that 
the stocks in the portfolio should have the similar risk-return characteristics. The stock which has a high risk 
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is supposed to have a high expected return. Although most stocks in our case seems to have this type of the 
risk-return tradeoff, other stocks in the market may not satisfy this requirement. 3. The deterministic 
optimization approach typically uses historical data to forecast the weights of portfolio in the coming year 
and expect the trends of stocks similar to those in the past year. The premise of this type of forecasting is 
that all current market information has always been reflected in the price movement of the stocks.  

 
In summary, there are some potential problems which are needed to be researched further, although we can 
use this mathematical model in the real world to provide the suggestion on portfolio allocation to 
decision-makers.  
 
Figure 1: The Daily Returns of Our Portfolio, Equally Weighted Benchmark and Stock Index 
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This figure uses the daily time series data to compare the historical performance among our optimized portfolio, equally weighted benchmark and 

market stock index. 

 

CONCLUSIONS 
 
One of the main contributions of our paper is to provide a theoretical solution to our institutional investors’ 
portfolio optimization problem. Solving this optimal investment in the mathematical way helps us to 
develop a framework for portfolio allocation under Value-at-Risk constraint. The measure for the risk of our 
portfolio depends not only on the variance or standard deviation, as normal mean variance analysis theories 
do, but also on the portfolio’s potential loss, which is measured by Value at Risk in the paper. Introducing 
VaR into the institutional investors’ optimal utility function has the benefit of allowing the risk-return 
tradeoff analyzed through focusing on the control of our portfolio’s maximum potential loss. The 
mathematical solution provides a practical way for our institutional investors to carry out the investment 
decisions in the well-know mean-variance allocation framework, which also satisfy the common Value at 
Risk restrictions imposed by the internal and/or external regulators. 
 

On the other hand, in order to study the feasibility of our solution, we collect the data from Chinese stock 
markets to do the empirical analysis and examine how our model works. China has been becoming a hotter 
and hotter investment zone with the more and more advanced opening of her financial market coming along 
with WTO. The analysis based on about 10-year monthly and daily data from Chinese markets shows us 
that our optimized portfolio can be expected to do slightly better than the market return and outperforms 
than the equally weighted benchmark. Consistent with the risk-return tradeoff, the result also shows us that 
the higher the return among our portfolio, benchmark index, and market index, the greater the risk.  
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During the period we analyze in this paper, Chinese stock markets were still relatively small and mainly 
domestic because they didn’t allow any foreign players. Because of this, some global financial events such 
as global financial crisis have very limit effect on this emerging market. However, it will be interesting and 
meaningful to see how our model will perform when exposed to global financial events. This will be one of 
areas in our future research. 
 

Figure 2:  The Monthly Returns of Our Portfolio, Equally Weighted Benchmark and Stock Index 
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This figure uses the monthly time series data to compare the historical performance among our optimized portfolio, equally weighted benchmark 
and market stock index. 
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